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Equations for calcula t ing the m e a n  th ickness  of a l ayer  of lubr icant  of cy l inders  in e las tohydrodynamic  
contact  a r e  ava i lab le  which have been  obtained by t h r ee  d i f ferent  methods:  1) by  the method desc r ibed  in [1] ; 
2) by n u m e r i c a l  solut ion of the equations of the e l a s tohydrodynamic  theory  of lubr ica t ion  in the en t rance  and 
exi t  reg ions  and by fur ther  match ing  of the r e su l t s  with the d i s t r ibu ted  p r e s s u r e  in the middle  pa r t  of the 
contac t  [2] ; and 3) by p r o c e s s i n g  expe r imen ta l  r esu l t s .  A r ev iew of the m a j o r i t y  of the exis t ing equations 
and new equations of the th i rd  group is given in [3]. The p rob lem of the r e s i s t a n c e  to ro l l ing  of two e las t i c  
cy l inders  s epa ra t ed  by a l aye r  of v i scous  liquid has  been  inves t iga ted  only slightly.  In th is  paper  we p r e sen t  
equat ions for  the a v e r a g e  and m i n i m u m  th ickness  of the layer  of lubr icant ,  and a l so  for  the r e s i s t a n c e  to 
ro l l ing  obtained by  p r o c e s s i n g  the r e s u l t s  of a d i r ec t  numer i ca l  solution of the equations of the i so the rma l  
e l a s tohydrodynamic  p rob lem.  

1~ The  equat ions of the one-d imens iona l  i s o t h e r m a l  p rob lem of the e las tohydrodynamic  theory  of l u b r i -  
cat ion have  the f o r m  [4] 

[ dp] V dh. (1.I) 
d-~d h 3 exp (-- Qp) ~ go'~' ~xx' 

C 

2 ~ c -- t (1.2) 
H o (h --  t) = x 2 --  c ~ -~ -~j  p (t) In ~ dr. 

a 

The  boundary  condit ions a r e  

In addition 

p(a)  = p(c)  = (dp/dx)(c)  = O. (1.3) 

i p (t) d t =  ~/2. (1.4) 
a 

In (1.1)-{1.4) x, t, a ,  and c r e f e r  to the half-width of the Her tz  contact  b = [8qR/(~E')] 1/2, q is the load 
pe r  unit length of the cy l inder ,  E t = E/(1 - u 2 ), E is the e las t ic  modulus,  u is P o i s s o n ' s  ra t io ,  axLd 1 /R  = 
l /R1  + l/R2, where  R1 and R2 a r e  the r ad i i  of the cy l inders .  The  unknown contact  p r e s s u r e  p(x)  _> 0 i s  r e -  
f e r r e d  to the m a x i m u m  Her tz  p r e s s u r e  P0 = [qE'/2~R)] 1/2, the prof i le  of the gap h(x)  > 0 is r e f e r r e d  to the 
th ickness  of the l aye r  of  lubr ican t  h0 = h ( c )  at  the exi t  f rom the contact  region,  H 0 = 2h0R/b2; V = 3~ 2 [#0" 
( ul + u 2 ) / ( 2 E ' R ) ] ( E ' R / q )  ~, ul and u 2 a r e  the  ve loc i t i es  of the cyl inder  su r f aces ,  ~0 is the v i scos i ty  of the 
lubr icant  a t  r o o m  p r e s s u r e ,  Q = c~p0, ~ is the p iezocoeff ic ient  in the equat ion for the v i s cos i t y  # = /~ 0 exp 
( ~ ) ,  ~ is the phys ica l  p r e s s u r e ,  and a and c a r e  the coordinates  of the beginning and end of the reg ion  of 
pos i t ive  p r e s s u r e .  The p a r a m e t e r s  M 0 and c a r e  unknown and m u s t  be  de te rmined  dur ing the solution f rom 
the  addit ional  conditions (1.3) and (1.4). 

In [4] a n u m e r i c a l  method is de sc r ibed  for  solving Eqs. (1.1)-{1.3) in which the spline approx imat ion  of 
the p r e s s u r e  p (x )  is employed.  Equations (1.1)-(1.3) in this  case  reduce  to a s y s t e m  of nonlinear  equations 
which a r e  solved by Newton's  method.  Calcula t ions  [4] show that  the method is efficient.  

When solving Eqs. (1.1)-(1.3) over  a wide range  of va r i a t ion  of the p a r a m e t e r s  V, Q, and a diff icul t ies  
a r i s e  due to the l~rge amount  of  compute r  t i m e  requi red .  For  a number  of nodes of the d i f fe rence  net  N = 90 
v e r s i o n  on the BESM-6 compute r  takes  about two hours .  
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When Q >> 1 Eq. (1.1) can  be l inear ized  [5] 

d [h s ~ d p ]  V d~ (1.5) ~-x [ 0 i x) exp (--  Qp0 i]/T-'---~-- x") dz H~ dx" 

where  h0(x) = 1 + Hol[I  x I ~ '~  - 1 - in (i xi + ~ - ~ -  1 )] e ( x 2 - 1) CO is the Hcaviside function). The appl ica-  
t ion of the method desc r ibed  in [4] to (1.5), (1.2), and (1.3} leads to a sys tem of l inear  equations. A compar i -  
son  of the solutions of (1.1)-(1.4) and (1.5), (1.2)-(1.4) for  Q = 7.5 and V = 0.11 is given in Fig. 1 (a is the 
p r e s s u r e  dis t r ibut ion and b is the prof i le  of the gap). Curves  1 and 2 a r e  the solutions of the nonlinear and 
l inear  problems.  The  dashed curve  in Fig. l a  co r responds  to the Her tz  p r e s s u r e  distribution.  The  table com-  

r 

p a r e s  H 0 and S ----- (2/n) S P (3:) x d x ,  obtainedby solving the nonl inear  sys tem (1.1)- (1.4) (subscript  1) and the l inear ized 
U 

sys tem (1.5), and (1.2}-(1.4) (the subscr ip t  2); H00 is calculated by the method descr ibed  in [1]. 

It can be  seen  that  to  de te rmine  the th ickness  of the l aye r  of lubricant  one can obtain good accu racy  by 
using the solut ion of the l inear ized  sys tem.  The  e r r o r  in the value of S connected with the moment  of the 
r e s i s t a nc e  to rol l ing may r e a c h  15%. Linear iza t ion  of Eq. (1.1) p r e s e r v e s  the main  fea tures  of the nonlinear 
problem.  A second p r e s s u r e  max imum also appears  in the solution of the l i n e a r  problem for  Q >_ 10 [4]. Ca l -  
culation using ve r s i on  (1.5), and (1.2)-(1.4) for N = 90 takes  10-15 min on the BESM-6 computer .  

All l a t e r  r e su l t s  in this paper  a r e  based  on the numer ica l  solution of the l inear ized  sys tem (1.5) and 

(1.2)-(1.4). 

2. The  average  thickness  of the l aye r  of lubr icant ,  which is of cons iderable  in te res t  in p rac t ice ,  d i f fe rs  

only sl ightly f rom h when x = c (see Fig. lb) .  

In Fig. 2 the t r i ang les  r e p r e s e n t  some re su l t s  of the solution of (1.5) and (1.2)-(1.4), the continuous 
lines were  obtained by approximat ing these  resu l t s ,  line 1 cor responds  to Q = 5, line 2 cor responds  to Q = 
10, l ine 3 co r re sponds  to Q = 20, and the dashed line co r r e sponds  to the approximate  r e su l t  obtained in [1]: 
H0 = 0.254 (VQ) ~ The dependence of H0 on V and Q has  a pronounced powei" form.  The mean-square  
approximat ion  o f l l  points (V, Q, and H0) i n t h e  range  5 <_Q <_ 20, 0.005 _< V -< 0.2, with a = - 2  is obtained 

f rom the equation 

H0 = 0.53V~ ~ (2.1) 

The maximum e r r o r  of the approximat ion  is 5%. In dimensional  var iab les  Eq. (2.1) has  the form 

h,/ R = 3.57 (,aou/E' R)~176 -~ 

where  u = (ul + u2) /2 .  Fo r  compar i son  we p resen t  the r e su l t  obtained in [3] by process ing  exper imenta l  data 
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TABLE 1 
Ho, 

3,9 ] 0,t7 I 0,26i I 0,276 
7,5 0,ti 0,252 0,258 
7,24 0,076 0,203 0,200 

Hoo 
0,t88 
0,221 
0,165 

s, 
0,05 
0,034 
0,032 

' 8 ,  

0,052 
0,029 
0,028 

~ 0 l-Z , IO 0,5 

Fig. 2 

ho/ R ---- 5,8(~tou/E' R)~176176 

The equation [6] 

ho/R = 4.05(t.tou/E'B)~176176 (2.2) 

is based on replac ing the elast ic  bodies by a Winkler medium and is obtained by a special  choice of the Wink- 
ler  constant.  

In addition to the average  thickness  of llae layer  of lubr icant  it is a lso important  to determine the min i -  
mum thickness.  On the bas is  of the resu l t s  of a solution of (1.5) and (1.2)-(1.4) in the above range of V and 
Q we obtain the following equation for Hmi n = H0hmin: 

//rain : 0.31V~176 5~. (2.3) 

In dimensional  var iab les  (2.3) has  the fo rm 

hmin/ R = 2.05(Ixou/E'R)~ 86(aE')~176 

The  following r e su l t  is obtained in [21: 

hmin/R = i~26(~tou/E' R)~ 7((zE')~176 

which contradic ts  Eqs. (1.1)-(1.4) since it does not sa t isfy  the condition Hmi n = Hmm(V , Q). 

3. We will  consider  the problem of determining the force  and moment  of the r e s i s t ance  to rol l ing which 
ac ts  on unit length of the cyl inder  in the case of pure rol l ing and when the cyl inders  a re  made of the same 
mate r i a l s .  The thickness  of the layer  of lubricant  in dimensional  var iab les  will be represen ted  by the equa-  
t ions 

h *  
h = hi § h2,  hi = ":2- -~- - -  

h* x ~ 
h~ = -2 -  + 2~  2 

where  h* is a cer ta in  constant  (Fig. 3). 

C 

x ~ 2 
2R 1 --  ~E---7- p (t) In I t - -  x I dr, 

a 

c 

~E' �9 p (t) In ! t - -  x I dr,: 
a 

A support ing force  Fy = pdx, a drag res i s t ance  force  F x = p (dh 1/dx) ,  and a viscous fr ic t ion force  

Ft t h 1 -[- h 2 dp dx ac t  on an e lement  dx of the sur face  of the upper cylinder.  The principal  vec tor  Fl and the -----5-- dz 
principal  moment  M i with r e s p e c t  to the instantaneous center  of rol l ing a r e  

(3.1) 

y dh 1 h 1 ~- h,, dp dx; 
F I =  p ~ dx § 2 " d= 

(1 a 

(3.2) 
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Fig. 3 

c 

Mi  = - -  ~ pxdx.  
a 

Substituting (3.1) into (3.2) and integrat ing by  par t s  we obtain 
c 

F1 = Bi ~ pxdx.  

(3.3) 

(3.4) 

Equations (3.2)-(3.4) a r e  wr i t t en  in d imensional  var iables .  If we introduce the d imensionless  fo rce  
FI = F i R / ( q b ) ,  the d imens ionless  moment  MI = M1 / (q b ) ,  and omit  the p r im es ,  we obtain 

r C 

S x x, 
a 

As in the case  of (2.1) and (2.2) we can approximate  the dependence of M1 on V and Q with an e r r o r  of 
not  m o r e  than 6% by the equation 

Ms ---- O,28(V/Q)~ 54. (3.5) 

We obtain for  F1 

t 

R~ - -  R l (3.6) 

F o r  the lower cyl inder  

F2 = --F1, Me = Ml. (3.7) 

In d imensional  va r i ab les  Eqs. (3.5) and (3.6) have the fo rm 

~-RF' = 3,0~ % --% [ ~~176 "~E') -0-0'( P~ ~~ (3.8) 
~1 -~ R-----~ \E--r'R ] - ~W-] ' 

M,/E '  R ~ = 6.02(~%u/E' R)~176176 (3.9) 

In [7] r e su l t s  a r e  p resen ted  of the approximat ion  of the solution obtained in [3], f rom which we find 

F, /t, -- / t  i [ ~tou'Ion ,'~,,-0.S. (3.10). 
~ . , R = 9 . 2 % - - - 4 - - ~ V e - ~ }  t~ , , J  , 

M1/E,R2 = 18.4(~ou/E,R)o.7(o:E,)_o," (3.11) 

4 3 6  



0 5 4 
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A drawback  of Eqs. (3.10) and (3.11) is  the fac t  that  the e f fec t  of the load on the r e s i s t a n c e  to ro l l ing  is 
ignored.  Th i s  ef fec t  has  been  detec ted  expe r imen ta l l y  [8] and a lso  by  a m o r e  c o r r e c t  solution of the ini t ial  
equations (1.1)-{1.4). 

A c o m p a r i s o n  of Eqs.  (3.8) and (3.9) with e x p e r i m e n t a l  da ta  [8] shows that  the ca lcula t ion co r r e sponds  
to e x p e r i m e n t  up to ro l l ing  speeds  of the o rde r  of 5 m / s e c .  The  index in the re la t ion  be tween  the force  of 
f r ic t ion  and the ro l l ing  speed,  ca lcula ted  f r o m  the da ta  given in [8], is ~ 0.4, and the index for the contact  
p r e s s u r e  ~0.18-0.28.  

In e x p e r i m e n t s  on a disk  s y s t e m  [8] s o - c a l l e d  f r ic t ion  rol l ing was se t  up when one disk (on which the 
m o m e n t  of the ro l l ing  r e s i s t a n c e  was  m e a s u r e d )  is dr iv ing  while the d r iven  disk is se t  so  that  the r e s i s t a n c e  
to ro ta t ion  in its suppor t s  is p rac t i ca l ly  zero .  It  follows f r o m  (3.7) and (3.8) that  for R 1 = R2, F1 = F2 = 0, 
while M 1 = M2 = M. F o r  equi l ib r ium (s ta t ionary  rotation) of the dr iv ing d isk  some  sl ipping of the d isks  and 
a f r ic t ion  force  due to this  s l ipping a r e  n e c e s s a r y .  The  m o m e n t  of this force  with r e s p e c t  to the axis  of  t h e  
d r iven  d isk  m u s t  be  M. On the dr iving d isk  the fo rce  of f r ic t ion  is d i rec ted  in the opposi te  d i rec t ion  and 
causes  a twofold i nc r ea s e  in the m o m e n t  of the r e s i s t a n c e  to ro l l ing  with r e s p e c t  to the axis  of  the disk.  The 
m o m e n t  ca lcula ted  taking these  f ac to r s  into account  for s i m i l a r  d isks  of radius  R = 70 m m  and width I = 8 
m m  for  a ro l l ing  speed u = 1 m / s e c ,  a contact  p r e s s u r e  P0 = 0.45 G N / m  2, and a t e m p e r a t u r e  T = 30~ un-  
der  conditions of abundant lubr ica t ion  with MS-20 oil is 0.113 N . m .  The m e a s u r e d  moment  is 0.187 N.  m.  The 
cons ide rab le  d i s a g r e e m e n t  be tween theory  and e x p e r i m e n t  for u > 5 m / s e c  is obviously due to non i so the rmal  
flow of the lubricant .  

The  coordinate  a of the point where  the reg ion  of posi t ive p r e s s u r e  begins  has  a sma l l  e f fec t  on the 
r e s u l t s  of the ca lcu la t ion  if a << - 1 .  On the other  hand, if  a > - 1 ,  the solution will  depend on a. By set t ing 
d i f fe ren t  va lues  of a we can  s imula te  the ro l l ing  under conditions when the re  is insufficient  lubrk;ant  in the 
contact  zone ( so -ca l l ed  low-grade  lubr icant  or oil s t a rva t ion  [9]). F igu re4  shows the r e s u l t s  of a solution of 
Eqs.  (1.5) and (1.2)-{1.4) for s e v e r a l  va lues  of ft. Along the a b s c i s s a  axis  we have plotted the p a r a m e t e r  [9] 

= l a + 1 1H~/~, where  H| = lim H0,  and along the ordinate  axis  we have the plotted the ra t io  fl = H0/H ~ . 

The  sma l l  c i r c l e s  c o r r e s p o n d  to Q = 5 and V = 0.1, and the t r i ang les  co r r e spond  to Q = 10 and V = 0.1. 
The  continuous curve  is  obtained by  the method desc r ibed  in [1] in [9]. The  value of a can be found e x p e r i -  
men ta l ly  f rom the pos i t ion  of the boundary  of the reg ion  occupied by  the lubricant .  As a ~ - 1  the p r e s s t a ' e  
d i s t r ibu t ion  b e c o m e s  c lose  to the Her t z  solut ion for  e las t ic  contact  [4]. 

The authors  thank L. V. Ovsyaunikov for  useful  d i scuss ions .  
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S O M E  M O D E L  C A L C U L A T I O N S  O F  F R I C T I O N A L  

R E S I S T A N C E  I N  T H E  M O T I O N  O F  B O D I E S  W I T H  

B O U N D A R Y  L A Y E R S  O F  V A R I A B L E  V I S C O S I T Y  

A .  S.  V a s i l ' e v  UDC532.526 

Flows when a va r i ab l e  v i s cos i t y  is p r e sen t  in the boundary  layer  a r e  of g r ea t  i n t e re s t  f rom the applied 
aspec t .  In the opinion of a number  of authors  [1, 2], the mot ions  of m a r i n e  an ima l s ,  for  which mucus  e m e r g e s  
as a subs tance  reduc ing  the v i s cos i t y  of aqueous solut ions,  can a l so  s e r v e  as  analogs of such motions.  Some 
invest igat ions  devoted to these  quest ions have been published in [3]. 

In the p r e s e n t  r e p o r t  we give the r e s u l t s  of a theore t i ca l  invest igat ion of the poss ib le  d e c r e a s e  in f r i c -  
t ional  r e s i s t a n c e  during flow of the Couette type and dur ing s teady and nonsteady flow over  a f iat  plate when 
a t  its su r face  one a s s igns  a concent ra t ion  of some  subs tance  capable  of reducing  the v i scos i ty  of the solution 
which fo rms .  

1. Le t  the v i s cos i t y  v a r y  by the law (Fig. 1) 

1 for 0 ~ < l y l ~ - ~ ,  
k 

"r176 ch -1 -~ (y --  i -4- r for t - -  ct <~ [ y I ~< 1,. 

where  ~ is the th ickness  of the diffusional  boundary  layer ;  k is some  number  for which the re la t ive  v i scos i ty  
nea r  the su r face  is m i n i m a l  and equal  to V/Vo l y=  1 = 1 / c o s h  k. 

F i r s t  of al l ,  l e t  us cons ider  flow of the Couette type. In this case  

d / au'~ ~k,~)  = o, ~(I)--- I, ~(o)..~__y =o. 

The solut ion has  the fo rm 

k 
4. - -  ~ -k -~-. sh --ff (y - -  I A- ~) 

C(. 
l - - a §  

Hence, 

=m. 
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~ / T 0 = ( i - - ~ - k k s h k )  -~, 

where  r0 is the f r ic t iona l  s t r e s s  when v = v0. One can  a s c e r t a i n  that r / T 0  < 1 when ~, k > 0. HOwever, when 
= 0.1 and k = 1.7, which c o r r e s p o n d s  to v / v o l y =  1 = 0.35, the re la t ive  f r ic t ion is ~/r0 = 0.95. When c~ = 

0.1 and k = 3 ( V / V o l y =  I = 0.1), T/ r0  = 0.83; when c~ = 0.1 and k = 3.7 (V/Voly= 1 ---0.05), T/T 0 = 0.69. 

Thus ,  an  app rox ima te ly  th reefo ld  d e c r e a s e  in the v i scos i ty  near  the su r face  is n e c e s s a r y  for  a s igni f i -  
cant  d e c r e a s e  in r e s i s t a n c e  which could be  noticed expe r imen ta l ly  (by 5%). 

A s i m i l a r  r e s u l t  is obtained in an  ana lys i s  of Poiseui l le  flow. 

2. Le t  us cons ider  the ca se  of nonsteady motion.  Imagine  an infinite plate  suddenly s e t  into motion. 

The equat ion of mot ion and the equat ion for the diffusion in the boundary  l aye r  have  the f o r m  
i 
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